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Abstract. We study singular real-analytic Lcvi-flat hypersurfaces in complex 
projective space. We give necessary and sufficient conditions for such a liy- 
persurface to be a puUback of a real-analytic curve in C via a meromorphic 
function. We define the rank of a real hypersurface and study the connections 
between rank, degree, and the type and size of the singularity for Levi-flat 
hypersurfaces. Finally, we study degenerate singularities of algebraic Levi-flat 
hypersurfaces. Among other examples, we construct a nonalgebraic semiana- 
lytic Levi-flat hypersurface with compact leaves that is a perturbation of an 
algebraic Levi-flat variety. 



1. Introduction 

The purpose of this paper is to organize some basic results on Levi-flat hypersur- 
faces in complex projective space. First, we study when such hypersurfaces must be 
algebraic, and second we study some properties of algebraic Levi-flat hypersurfaces. 
Along the way we give several examples to illustrate the phenomena encountered. 

A real smooth hypersurface in a complex manifold is said to be Levi-flat if it is 
pseudoconvex from both sides. If the hypersurface is real-analytic and nonsingular, 
then it is classical that in suitable local coordinates, it can be represented by Im zi = 
0. Therefore, there are no local holomorphic invariants. The situation is different 
if we allow the hypersurface to have singularities. Local questions about singular 
Levi-flat hypersurfaces have been previously studied by Bedford [5], Burns and 
Gong 7 , and the author [TOIITT] . See also the books [TJiniHn] for the basic language 
and background. 

Let P" be the n-dimensional complex projective space. Lins Neto proved [Hj that 
no nonsingular real-analytic Levi-flat hypersurfaces exist in P", n > 3. There have 
since been much work on generalizing this result further. A different approach for 
the real-analytic case was taken by Ni and Wolfson [T^] . Siu [5D| , Cao and Shaw [S] , 
and most recently lordan and Matthey [13] improved the regularity requirement. 
The n = 2 case was studied by Siu [21] . 

Singular real-analytic Levi-flat hypersurfaces, however, are a different story and 
many such hypersurfaces exist. Instead of hypersurface, we will use the term hy- 
pervariety for a codimension one subvariety to emphasize the possibility of singu- 
larities, and to emphasize it is a closed subvariety. Also, unless specifically stated, 
subvarieties are analytic, not necessarily algebraic. Let _ff C J7 C C*"' be a real- 
analytic hypervariety, i.e. a closed real subvariety of U of real codimension one. Let 
H* be the set of points near which H is a smooth hypersurface. A real hyperva- 
riety H is said to be Levi-flat, if it is Lcvi-flat at all points of H* . H* is foliated 
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by complex hypersurfaces, and this foliation is called the Levi foliation. Any (real) 
algebraic Levi-flat hypervariety in C" can be extended to a Levi-flat hypervariety 
in P". 

One method to obtain algebraic Levi-flat hypervarieties in P" is by taking a 
rational function i?: P" — > C, and a real-algebraic one-dimensional subset 5 C C, 
and considering the set H = R~^{S). Then H is an algebraic Levi-flat hypervariety. 
If H is algebraic, then all the leaves of the Levi foliation must be compact. A leaf 
is said to be compact if the closure is a subvariety in P" of the same dimension. 
If a hypervariety is to be given hy H = R~^{S), then at least locally it must be 
given by F~^{T) for some local meromorphic function F and some real-analytic 
set T C C We will relax this condition and suppose that F is constant along the 
leaves of H. It turns out that these conditions are in fact sufficient. 

Theorem 1.1. Let H a n > 2, be an irreducible Levi-flat hypervariety with 
infinitely many compact leaves. Assume that for each p G H* , there exists a neigh- 
bourhood U of p and a meromorphic function F defined on U such that F is constant 
along leaves of H* . 

Then, there exists a global rational function i? : P" ^ C and a real- algebraic one- 
dimensional subset C C such that H C R^^{S). Ln particular, H is semialgebraic; 
it is contained in an algebraic Levi-flat hypervariety. 

To prove the theorem we must find two objects. We must find an algebraic 
set S* C C and the function R. We find a foliation of P" by using a result of Lins 
Neto. To find R we apply a result by Darboux and generalized by Jouanolou, which 
says that a foliation of P" with inflnitely many compact leaves has a rational flrst 
integral. Next, we find the S' C C by proving Lemma l3.2[ which says that the image 
of H under R must essentially be our algebraic curve S. 

We really need to only study semianalytic sets. A set is semianalytic if it is 
locally constructed from real-analytic sets by finite union, finite intersection, and 
complement. For a hypervariety if, the set H* is semianalytic. We will state a 
version of Theorem II. II for semianalytic hypersurfaces, see Theorem 14. II 

The hypothesis of compact leaves seems necessary. Example 19.11 is a perturba- 
tion of an algebraic Levi-flat hypervariety of P^, which is again Levi-flat, closed, 
semianalytic (thus contained near each point in a real-analytic subvariety), but not 
algebraic. The leaves of this hypersurface are complex hyperplanes, but do not 
extend to a foliation of P^. It also seems likely that a closure of a noncompact leaf 
of a foliation of P^ could be semianalytic, though no such example is known to the 
author. 

Not all algebraic Levi-flat hypervarieties arise in the above way. One partic- 
ular feature of hypervarieties defined using rational functions is the existence of 
a degenerate singularity (in the sense of Segre varieties) in dimension 2 or higher. 
There are, however, algebraic Levi-flat hypervarieties that do not have a degenerate 
singularity as we will show in Example 18. II 

To study algebraic Levi-flat hypervarieties we deflne their rank. It is the rank 
of the Hermitian form of the deflning bihomogeneous polynomial. Equivalently, 
the rank is the minimum number of holomorphic polynomials needed to write the 
defining polynomial as a difference of squared norms. This definition of rank was 
used by the author together with D'Angelo to study a seemingly unrelated problem 
in [TT]. See also the book by D'Angelo for further applications of this circle of 
ideas. For example, it is useful to write a defining equation of a hypersurface as a 
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squared norm to characterize the complex varieties contained in the hypersurface. 
We will also study a local analytic version of the rank. 

A simple argument shows that the dimension of the singular set of an algebraic 
Levi-flat hypervariety in P" must be at least 2n — 4. If the hypervariety has no 
nondegenerate singularities, the dimension of the singular set must be of maximal 
possible dimension, and the rank of the defining equation must also be large com- 
pared to the dimension. We will write Using for the singular set of H . By the 
singular set we mean the set of points near which H is not a smooth submanifold. 
Using is uot in general equal to the complement of H* as defined above, and is only 
a semialgebraic (or semianalytic if H is not algebraic) set. 

It is standard to also consider the algebraic singular set of an algebraic hyperva- 
riety. The algebraic singular set is the set of points where the defining polynomial 
has vanishing gradient. The algebraic singular set always contains the analytic sin- 
gular set {Using defined above), and the containment can be proper. A classical 
example is y"^ -f Ix^y — a;* = 0, which has no analytic singularities but has an alge- 
braic singularity at the origin, see p] for more on these issues. Therefore, we also 
have the concept of an algebraic degenerate singularity. Any degenerate singularity 
is an algebraic degenerate singularity, but not necessarily vice versa. We summarize 
what we can say about degenerate singularities in the following theorem. 

Theorem 1.2. Let H C P", n > 2, be an algebraic Levi-flat hypervariety of rank r. 

(i) Lf r < n then there exists a complex subvariety S G H of dimension at least 
n — r such that every point in S is an algebraic degenerate singularity of H . 

(a) Lf dim H sing < 2n — 2 then H has a degenerate singularity. 

(Hi) Lf dim H sing = 2n — 4 then there is a complex subvariety S d H of dimension 
n — 2 such that every point in S is a degenerate singularity of LI . 

The structure of this paper is as follows. In § [2] we give some standard basic 
results about real subvarieties of complex projective space and Levi-flat hypervari- 
eties in particular. In §[3] we study Levi-flat hypervarieties defined by meromorphic 
functions. In § 2] we study holomorphic foliations induced by Levi-flat hyperva- 
rieties and prove two alternate versions of Theorem 11.11 In § [5] we prove that 
foliations extend from Levi-flat hypervarieties even without compact leaves. In § [6] 
and §[7] we introduce and discuss the rank of the hypersurface. In §[8] we will prove 
Theorem 11.21 and study the set of degenerate singularities of an algebraic Levi-flat 
hypervariety. And finally in § [9] we study nonalgebraic Levi-flat hypervarieties and 
semianalytic sets with compact leaves. 

The author would like to thank Prof. Xianghong Gong for suggesting to study 
singular Levi-flat hypersurfaces in projective space. The author would also like to 
thank the referee of an earlier version of this paper for suggesting a simpliflcation 
of the proof of Theorem 11.11 

2. Basic properties 

Let a: C"'^-^ \ {0} P" be the natural projection. Suppose X is a real-analytic 
subvariety of P". Define the set t{X) to be the set of points z S C""*"^ such that 
cr(z) G A" or z = 0. A real-analytic subvariety X C P" is said to be algebraic if 
X = (j{V) for some real-algebraic complex cone V in C""'""'^. A set 5 is a complex 
cone when p ^ S implies Xp G S for all A S C. We will say that an algebraic 
subvariety X C P" is of degree d, if d is the smallest integer such that you need real 
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polynomials of degree at most d to define t{X). We first establish some standard 
and easy to see properties of real-analytic subvarieties of P" . By a bihomogeneous 
polynomial we mean a polynomial that is separately homogeneous in z and z. That 
is, P{tz,'sz) = t'^/'^s'^/'^P{z,z). Thus, by a degree d bihomogeneous polynomial we 
mean of bi-degree {d/2, d/2). 

Proposition 2.1. Suppose X C P" is a real-analytic subvariety. 

(i) t{X) \ {0} is a real-analytic subvariety of C"^^ \ {0}. 
(ii) t{X) is subanalytic. 

(Hi) X is algebraic if and only if t{X) is a real-analytic subvariety. 

(iv) If X is an irreducible algebraic hypervariety of degree d, then t{X) is defined 

by the vanishing of a single real valued bihomogeneous polynomial of degree d 

(bi-degree {d/2, d/2)). 

Proof. To see (ji]), take homogeneous coordinates [zi : ■ ■ ■ : z„+i]. Fix e.g. zi = 1 and 
find a set of defining functions pj for X in some open set in the afhne coordinates 
Z2,...,Zn+i. Let pj{zi,Z2,--- ,Zn+i) = (22/21, 2„+i/zi) to be our defining 
equation in some open subset of in C""*"^ \ {zi ~ 0}. 

To see (ju]) let again [zi : ■ ■ ■ : 2„+i] be the homogeneous coordinates, and let us 
work in the chart where 21 7^ 0. Let X be the subvariety in this chart. Take the 
semianalytic set (X n B„) x D, where ID C C is the unit disc and B„ C C" is the 
unit ball. Define the function ip: C" x C ^ C"+"'^ by (p{w,£^) = {£,,^w). This map 
takes {X nB„) x D to a subanalytic set Y C t{X). Furthermore, as X is compact, 
then there are finitely many such charts and sets Yj. The germ of UjY, at the origin 
agrees with the germ of t{X) at the origin, which is what we needed to prove. 

One direction of fm)) is clear, the other is the same as in the holomorphic case. 
Let p he a real-analytic function that is zero on t(X) near the origin. Let p — 
Pj be the decomposition into homogeneous parts. Take t G (—1,1) and note 
p{tz) = J2j Pj(t^) = J2j i'' Pj{^)- For a fixed 2 e X we have a power series that is 
identically zero. Hence each pj must be zero on X and X is therefore algebraic. 

Finally, let us prove (pv]) . Let p he a real polynomial vanishing on t{X). Write 



where pjk is homogeneous of order j in 2 and of order k in 2. Note that if 2 £ t(X), 
then Xz £ t{X) for all A G C. Hence, if 2 G t{X) then for all A 



If we complexify A and A, we get a polynomial in two variables that is identically 
zero. Therefore, pjk{z,z) = for all j and k. 

Since t{X) is a real cone, it must be defined by single irreducible real homoge- 
neous polynomial of lowest degree. If the defining equation is not real homogeneous, 
then we can find a smaller degree homogeneous polynomial vanishing on t{X). Call 
this polynomial p and write pjk as above. Both the real and the imaginary parts 
of pjk must vanish on X, hence we can write pjk{z,z) — A{z,z)p{z,z) for some 
(complex valued) polynomial A. The degree of p is equal to the degree of pjk and 
both are real homogeneous. Plugging in tz for 2 and dividing by t'^ we notice that 
Pjk{z,z) = A{tz,tz)p{z,z) for all t G M, in particular when t — 0. Hence pjk is a 




(1) 




(2) 
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constant times p and of course pjk — p- As p was real valued we are done. Notice 
also that j = k. □ 

It is equally easy to see that any real polynomial in C" can be made into a 
bihomogeneous polynomial in C""*"^ and defines a real subvariety of P". 

We will be using the Segre variety to study Levi-flat hypervarieties. Let H C 
[/ C C*^ be a real hypervariety defined by p{z, z) = for some real-analytic function 
p defined in U. Let conj(C/) = {z \ z € U}. Suppose that the power series for p 
converges in [/ x conj(t/) and hence we may complexify p. We define the Segre 
variety Sp as the set 

Sp := {z e C/ I p{z,p) = 0}. (3) 

The following is classical (see also for example [7j) but we prove it here for com- 
pleteness. 

Proposition 2.2. Suppose that H C U C C'' is a Levi-flat hypervariety (U is small 
enough as above) and p S H* . Then one component oj Hp agrees as a germ 
with the leaf of the Levi foliation of H through p. The germ of is the unique 
germ of a complex hypervariety through p. 

Proof. Taking U smaller can at most make Sp smaller. Thus we can make U small 
enough such that we can make a local change of coordinates such that H is given 
near p as {Imzi — 0} and p is the origin. Then p{z,z) = a{z,z){l/2i){zi — zi). 
Eq then contains {zi = 0}. Let f(z) be another holomorphic function such that 
{f = 0} C H and /(O) = 0, then / is real valued on H and in particular on 
{zi = 0}, hence / = when zi = 0, and uniqueness follows. □ 

In particular, if _ff is a Levi-flat hypervariety and for some p G H there are two 
distinct germs of a complex hypervariety through p contained in H, then p must be a 
singular point of H. Similarly, if there is a germ of a complex analytic hypervariety 
contained in H through p, singular at p, then H itself must be singular at p. If H 
is of a higher codimension at p, then the above two statements are obvious. 

We now focus on Levi-flat hypervarieties 77 C P". We get the following corollary. 
We say a leaf L of the Levi foliation of H* is compact if the closure L has the same 
dimension. In this case, by Remmert and Stein L is a complex subvariety. We will 
generally abuse terminology and call L a leaf of H. 

Corollary 2.3. Let H C P" be an algebraic Levi-flat hypervariety. Then all leaves 
of H are compact. 

Proof. Take a defining polynomial for t{H) and look at the Segre varieties. Note 
that any leaf is either contained in some Segre variety that is proper subset of 
C""*"""^, in which case it is a compact leaf, or it is contained in the set of points where 
the Segre variety is not a proper subset of C""*"^ (what we will call the degenerate 
singularities). But that subset itself must be a proper complex subvariety. □ 

We have the following simple, and surely classical, observation. 

Proposition 2.4. Lf H d P" is an algebraic Levi-flat hypervariety. Then 

2n-A< dim iJ^mg < 2n - 2. (4) 

Proof. Any leaf of t{H) must pass through the origin since t{H) is a complex cone. 
Hence, any two leaves must meet on a complex subvariety of dimension n — 1 in C" 
and this set must lie in the singular set. □ 
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The singularity can also be of larger dimension than 2n — 4. Pick any singular 
algebraic curve S in and look at t{S) C C^. The singular set is going to be 
a finite union of complex lines through the origin. Of course this argument also 
implies that if n > 2, then H must be singular. 

The canonical local example of a Levi-flat hypersurface in C" is defined by 
Imzi — 0. This hypersurface can of course be extended to all of P". If we bi- 
homogenize this equation we will get a quadratic complex cone in C"^^ given by 

ziZ2 - Z1Z2 = 0. (5) 

Burns and Gong Q\ have classified, up to local biholomorphism, all germs of 
quadratic Levi-flat hypervarieties. I.e. up to biholomorphism, there is only one 
quadratic complex cone that is a Levi-flat hypervariety, and that is given by ([5]). 
It is not hard to show this fact directly using Proposition 12.11 and it is equivalent 
to the following proposition. 

Proposition 2.5. Suppose that H is a quadratic Levi-flat hypervariety in P". Then 
H is hiholomorphically equivalent to a hypervariety given by ([5]). 

Proof. Let p be the defining bihomogeneous polynomial of degree 2 for t{H). Since 
it is of degree 2 and bihomogeneous it can be written as a Hermitian form, i.e. 
p{z, z) = z*Az, where z = (zi, . . . , Zn+iY ■ As A is Hermitian, we can make a linear 
change of variables (a biholomorphic transformation of P") such that A is diagonal. 
Thus we can assume 

Piz,z) ^"^EjZjZj. (6) 

j 

We can make further linear transformations to assume that = —1,0, or 1. Be- 
ing Levi-flat is equivalent to the Levi form vanishing at all smooth points. This 
condition is equivalent to the following differential equation 



rank 



P Pz 
Pz Pz: 



< 2 on p = . (7) 



All 3 by 3 subdeterminants of the matrix must be zero, hence all but two must 
be zero. It is not hard to see that at least two must be nonzero and of different sign, 
otherwise H is not a hypersurface. Thus we can assume that p{z, z) — z\Z\ — Z2Z2, 
which is unitarily equivalent to ([S]). □ 

Therefore, there exist affine coordinates such that every quadratic Levi-fiat hy- 
pervariety of P" is given by Imzi =0 in those affine coordinates. When n > 2, the 
hypervariety is singular and the singular set is a complex subvariety of dimension 
n- 2. 

We end the section with an example which illustrates the subtlety of the geometry 
of the singular set. Levi-flat hypervarieties generally suffer from the same subtle 
issues as do real-analytic subvarieties in general. 

Example 2.6. A classical example is the subvariety given by -f — x'^ = in 
R^. We get an irreducible (algebraically) curve for which the origin is an isolated 
point. We can think of as C using x + iy = z and let X be the subvariety 
extended to P^ . The equation then becomes 

z^ + 'izz^ + 32^2 - 8zz + z^ = 0. (8) 



SINGULAR LEVI-FLAT HYPERSURFACES IN COMPLEX PROJECTIVE SPACE 7 



We bihomogenize this equation to get a complex cone in C^. That is, we define the 
hypervariety H ~ t{X) by 

w^z^ + Zw^wzz'^ + 'iwuP'z'^z - Sw^Hp'zz + ui^z^ = 0. (9) 

The left hand side is irreducible as a polynomial, but also analytically at the origin. 
Suppose / is a real-analytic function defined on a neighbourhood of the origin that 
vanishes on a nontrivial part of H* . Write f — fj where fj are real homogeneous 
of degree j. Using the proof of Proposition 12. II we see that each fj vanishes on a 
nontrivial part of H*. Thus each fj vanishes on all of H, as H was defined by an 
irreducible polynomial. Hence, / vanishes on all of H. 

H is Levi-flat as it is a complex cone in C^. Near all points of the set {z = 0, w ^ 
0}, if is a complex line. Therefore H* does not include the set {z = 0, w / 0}. 
This set is colloquially called the "stick" of the "umbrella." 

Note also, that the one-dimensional part of X is a real-analytic subvariety, but 
it is only semialgebraic. So we have an example of a real-analytic Levi-flat hyper- 
variety of P^, that is semialgebraic and not algebraic. 

The "stick" of the umbrella need not be complex analytic. Brunella [6] gives 
the following example. Let z — x iy and w = s + it. Then the set given by 

= 4:{y^ + s)y^ is Levi-flat and the "stick" is the set = s = 0, s < 0}, which is 
totally real in C^. 

Finally, we will need the following lemma of Burns and Gong (Lemma 2.2 in [7]) 
to see that for an irreducible hypervariety H we need only require it to be Levi-flat 
at one point of H* . 

Lemma 2.7 (Bruns-Gong). Let H C C" be a real-analytic hypervariety, locally 
irreducible at point p € H . Then there exists an open set U C C" containing p such 
that H nU is Levi-flat if and only if one of the components of H* DU is Levi-flat. 

The lemma is essentially proved by noticing that equation ((7]) must hold ev- 
erywhere on H by complexification of the irreducible defining function of H . By 
noticing again that the propery of being Levi-fiat is equivalent to the equation ([7]) , 
we have the following trivial classical proposition which is useful in application of 
the Burns-Gong lemma. 

Proposition 2.8. Let M C C" be a connected real-analytic submanifold of real 
dimension 2n — 1. M is Levi-flat if and only if there exists an an open set N <Z M 
such that N is Levi-flat. 

3. Algebraic Levi-flat hypervarieties defined by meromorphic 

functions 

The following construction gives a large supply of Levi-fiat hypervarieties of P", 
although it is not exhaustive. 

Proposition 3.1. Let F be a meromorphic function on P". Let S G <C be a 

real-algebraic curve. Then the set F~^(S) is an algebraic Levi-flat hypervariety. 
However, not all algebraic Levi-flat hypervarieties in P" are defined in this manner. 

Proof. It is standard that any meromorphic function on P" is algebraic. Let P : C ^ 
R be the defining polynomial of S. Let H — {z \ P o F{z) = 0}. We only need to 
show locally that H is, a. subvariety and that it is Levi-flat at all points of H* . Write 
F in some set of affine coordinates as F — f / g for two relatively prime polynomials 
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/ and g. If P is a polynomial of degree d we notice that \g'^\ (PoF) is a polynomial 
whose zero set is precisely H in the afSne chart we have chosen. Hence H \s a. real- 
algebraic subvariety. To see that it is Levi- flat, note that locally it is always foliated 
by surfaces defined by the set {/ = \g} for some constant A e C. 

To see the second part we refer to Example 18.11 In that example we construct 
an algebraic Levi-flat hypervariety such that there does not exist a point contained 
in infinitely many leaves of the Levi foliation. If H is defined by a meromorphic 
function, there has to exist a point p of indeterminacy since the dimension is at 
least 2. Define / and g in a given affine chart as above. As the leaves of the Levi 
foliation are given by f{z) = ^g{z), we note that they all pass through p. No such 
point p exists on the hypervariety given in Example 18.11 □ 

It is natural to ask the following question. Can we define a Levi-fiat hypervariety 
by a meromorphic function as above, but choosing an arbitrary real-analytic subset 
of C rather than an algebraic one. The following lemma says that this construction 
would not yield a subvariety, or even a semianalytic set, locally near a point of 
indeterminacy of the meromorphic function. This lemma is the main new ingredient 
for the proof of Theorem ll.il If H is defined by a meromorphic function as above, 
then the function is constant along the leaves of H* . 

Lemma 3.2. Let H d U C C", n > 2, be an irreducible Levi-flat hypervariety 
of U , and let p ^ H be a point. Suppose there exists a meromorphic function F 
defined in U such that F is constant along the leaves of H* and p is a point of 
indeterminacy of F. Then there exists a one- dimensional algebraic subset 5 C C 
such that H C F-i(S'). 

Proof. First note that without loss of generality we can assume that n = 2. If we 
pick a 2-dimensional subspace V and find an S such that F^^{S)nV contains HDV, 
then since the inverse image of a single point under F contains the whole relevant 
leaf of the Levi foliation, F~^{S) must then contain all of iJ as is irreducible. 

We can freely also pick a smaller neighbourhood U of p. If the conclusion of 
the lemma is true for a smaller neighbourhood, then it is true for the original U. 
So by perhaps picking a smaller U, we can assume that the neighbourhood U is 
symmetric with respect to complex conjugation and assume that H complexifies to 
U X U. That is, the Taylor series of defining equation p oi H converges on U x U 
if we replace z with a new variable w. 

Let F — f / g in U where / and g are relatively prime. If we look at the map 

^{z,w) ■.= if{z),g{z)J{w),g{w)) (10) 

and notice that it is a finite map because /^^(O) n.g~^(0) must be a set of codimen- 
sion 2, hence a finite set. li H C U x U is the complexified H, then as ip is finite, 
the image is also a complex subvariety. We are really interested in ^p{H), where 

= (11) 

The image (p{H) can be thought of as a (possibly proper) subset of ip{H) intersected 
with the totally real submanifold {Ci, C27 Csi C4 I Ci = C37 C2 = C4}- The point is that 
(p{H) is semianalytic, that is, near the origin contained in a real-analytic subvariety 
K of the same dimension. 

Notice that <p{H) is Levi-flat and G{z) = zi/z2 is constant along leaves of (p{H). 
That means that ip{H) contains complex lines through the origin. Take a defining 
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function r(z, z) for K. Write r as 

j,k 

where rjk is homogeneous of order j in z and of order k in z. Suppose that z £ 
tf{H) C K, then \z G '^^(-ff) C K for some smah open set of A and so 

0-I]^jfe(A^,Az) =^A^ASfe(z,z). (13) 

jk jk 

By the same logic as in the proof of Proposition 12.11 the set K is defined by a 
bihomogeneous polynomial. In particular K is real- algebraic. 
We look at the algebraic set 

{{z,0 G X C I z e /-iT, and £,Z2 = zi}. (14) 

We project this set onto the ^ variable. By the theorem of Tarski-Seidenberg, 
the projection must be semialgebraic. It is not hard to see that the set must 
be of dimension one. A one-dimensional semialgebraic set is contained in a one- 
dimensional algebraic set S* C C. Hence, K C G^i(S'), and as ^{11) C K and as 
F ^Gotp then H C P-^S). □ 

4. LeVI-FLATS and FOLIATIONS 

In this section we will prove Theorem 11.11 If a Levi-flat hypervariety of P" is 
locally defined by meromorphic functions and has infinitely many compact leaves, 
then it is algebraic and furthermore defined by a global meromorphic function on 
P". We will need the language of holomorphic foliations to prove this result. 

A possibly singular holomorphic foliation J- of codimension one of a complex 
manifold M is given by an open covering {C/t} with the following property. In each 
Uc a holomorphic one- form w^. If ?7t fl 7^ 0, then uj^ and uj^ must be proportional 
at every point of the intersection. A complex manifold is called a solution if it 
satisfies the differential equation = in each U,,. The points where lu^ vanishes 
are called the singular set of T and denoted sing(J^). The set M \ T is then a 
union of immersed complex hypersurfaces called leaves of the foliation. Note that 
the codimension of the singularity of the foliation can safely be taken to be at least 
2, by dividing out the coefficients of the form by a common divisor. When talking 
about foliations of P", we will say a leaf is compact if its topological closure is of 
the same dimension. In this case we will also use the word leaf for the closure. As 
we assume the singularity is of codimension at least 2, a compact leaf is a complex 
analytic subvariety by the theorem of Remmert and Stein. See [8l[T8] for more 
information on foliations in general. All foliations in the sequel will be holomorphic 
of codimension one. 

The Levi foliation of a Levi-fiat hypervariety does not necessarily extend (even 
locally) to a foliation of a neighbourhood of the hypervariety, at least not in the 
above sense, see Brunella [B]. If the Levi-flat hypervariety is such that locally 
there exists a meromorphic function F = f /g (in lowest terms) that is constant 
along leaves of 77*, then the foliation extends locally. The leaves are defined by 
components of the sets {/ = Ag} for a constant A and the form is given by w = 
f{dg)-9{df). 

Of course, the condition that the foliation extends is a necessary condition for 
a hypervariety to be defined in the same manner as in Theorem ll.il If we further 
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know that the leaves of the Levi fohation are compact, these two conditions turn 
out to be sufficient. 

As we said in the introduction, we will prove the theorem for semianalytic sets. 
We also need not require that the foliation extending that of H be locally first 
integrable. The main feature of semianalytic sets we will use is that at each point, 
a germ of a semianalytic set is contained in a germ of a real-analytic set of the same 
dimension. 

Theorem 4.1. Let _ff C P", n > 2, 6e a connected semianalytic set of real dimen- 
sion 2n — 1. Suppose that H = [J^ L^, where L,, are complex analytic hypervarieties 
o/P". Assume that for each p £ H, there exists a neighbourhood U of p and a 
holomorphic foliation on U such that ClU are invariant. 

Then, there exists a global rational function i?: P" C and a real- algebraic 
one- dimensional subset S d C such that H C R^^{S). 

Essentially we are asking for a foliation of a neighbourhood of H, and H to be 
an invariant set of the foliation. To extend the foliation into all of P" we use the 
following result of Lins Neto T8j. 

Theorem 4.2 (Lins Neto). Let M be a Stein manifold, dim(M) > 2. Let K C M 
be compact, with M \ K connected, and let J- be a singular holomorphic foliation 
of M \ K where codim(sing(JF)) > 2. Then J- extends to a singular holomorphic 
foliation on M . 

To be able to apply Theorem 14.21 we need to find Stein manifolds inside P". 

Theorem 4.3 (Takeuchi [12]). Let U C P" be an open set such that U ^ F". 
Suppose that U is pseudoconvex (satisfies Kontinuitdtssatz) , then U is Stein. 

Take one complex variety L — L^ that lies in H. The set P" \ i is Stein. If we 
have a foliation of a neighbourhood of H , we have a foliation of a neighbourhood 
of L. We can then apply Theorem 14.21 to get a foliation of P". The leaves of the 
foliation must coincide with the complex varieties near L that are part of H . Note 
that H is connected, so the are leaves of the extended foliation of P". 

Once we have the foliation extended to all of P", we will need to find the rational 
function R. Therefore, we apply the following classical theorem of Darboux (see 
[T^ page 29) generalized by Jouanolou, see [T^ Theorem 3.3 page 102. 

Theorem 4.4 (Darboux- Jouanolou). If J- is a singular holomorphic foliation on 
P" with infinitely many compact leaves, then T has a rational first integral. 

As H is of dimension 2n— 1, it must contain infinitely many complex varieties. As 
these coincide with the leaves of J- (the extended foliation), J-^ has infinitely many 
compact leaves and hence has a rational first integral. Therefore, the final piece 
of the proof of Theorem 11.11 is the following lemma, which may be of independent 
interest. 

Lemma 4.5. Suppose that there exists a singular holomorphic foliation T ofF"^ , 
n > 2, with a rational first integral R. Let H C P" be a connected semianalytic 
set of real dimension 2n — 1 that is an invariant set of T . Then there exists a 
real- algebraic one- dimensional subset S CC .such that H C R~^{S). 

Proof. We can assume that H is closed just by taking the closure, which is also 
semianalytic and invariant. We can write H — lj^./jt, where are irreducible 
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complex analytic hypervarieties (leaves of T). Let R be the first integral of IF. 
R must be constant along the L^. We find a point p e P" that is a point of 
indeterminacy for i?, which exists because n>2. Further a point p of indeterminacy 
has to lie on H, since it must be in the closure of every leaf L^. That is, write 
R = f /g, then without loss of generality there is some fixed A 7^ 0, such that 
f / g = X on Li. The numerator / must be zero on and then g must also be zero 
at the same point and that must be a point of indeterminacy. 

We can apply Lemma near p to find the required S. As H C R^^{S) locally 
near p, H is a. union of the L^, and p G i,, for all t, then H C R^^{S). □ 

Proof of Theorem \4-l\ For every point p d H we have a neighbourhood U and a 
foliation on U extending the Levi foliation of H* n U. We call H* the smooth part 
of real dimension 2n — 1 just like for hypervarieties. 

Suppose we have two connected neighbourhoods Ui and U2 such that Ui r\U2 
is nonempty and connected. Further, assume there exist holomorphic one- forms ujj 
on j = 1,2 that define a foliation extending the foliation of H*. If we can show 
that uji is proportional to 102 then we have a foliation of Ui Cl U2. Take a small 
neighbourhood of some point p g H*. We know that coi must be proportional to 
UJ2 for all points of H* near p. H* is a real hypersurface, thus they are proportional 
in a whole neighbourhood as they are holomorphic. Since C/i n C/2 is connected, we 
are done by analytic continuation. 

We can choose a covering of H that satisfies the above conditions for every pair 
of intersecting neighbourhoods. Hence, if the foliation of H* extends locally near 
every point of H, then there exists a neighbourhood U oi H and a foliation F on 
U that extends the foliation of H* . Again, we can assume that the codimension of 
the singularity of the foliation is at least two. 

We pick one complex hypervariety L that lies in H and we apply Theorem 14.21 
to extend the foliation extends to a foliation on all of P". As we said above, the 
foliation F has infinitely many compact leaves. We can apply Theorem 14.41 to get 
a rational first integral. 

Finally we appeal to Lemma 14.51 which has the same conclusion as our theorem. 

□ 

Once we have Theorem 14. 11 it is not too hard to finish the proof of Theorem ll.il 
We can notice that H* is semianalytic, and we just need to show that it is a union 
of compact leaves. However, it is easier to modify the above proof. As above, we 
need not require the foliation to be locally first integrable. 

Theorem 4.6. Let H d n > 2, be an irreducible Levi- flat hypervariety with 
infinitely many compact leaves. Assume that for each p G H* , there exists a neigh- 
bourhood U of p and a holomorphic foliation on U extending the Levi foliation of 
H*. 

Then, there exists a global rational function i?: P" — > C and a real-algebraic one- 
dimensional subset 5 C C such that H C R^^{S). Ln particular, H is semialgebraic; 
it is contained in an algebraic Levi-fiat hypervariety. 

Proof. Follow the same argument as in the proof of Theorem 14.11 By exactly the 
same argument, we have a foliation of a neighbourhood of all of H*. If there are 
infinitely many compact leaves of H, one is contained in H*. We have a foliation of 
a neighbourhood of this compact leaf and we can extend the foliation to a foliation 
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of P". So we have a foliation of P" that extends the fohation of H* . As it has 
infinitely many compact leaves, it has a first integral R. The set H* is invariant 
and satisfies the hypothesis of Lemma 14.51 □ 

5. Extending foliations 

We have already proved Theorem lf.fi but it will be interesting to also prove the 
following stronger result about foliations, which does not use the compactness of 
leaves. This result is also of independent interest and is essentially an extension of 
a similar result by Lins-Neto to singular Levi-flat hypervarieties. 

Theorem 5.1. Suppose i7 C P", n > 2, is an irreducible Levi-flat hypervariety. 
Assume that for each p G H*, there exists a neighbourhood U of p and a meromor- 
phic function F defined on U such that F is constant along leaves of H* . 

Then, there exists a singular holomorphic foliation T of¥" that agrees with the 
foliation of H* . 

We already know we have a foliation of a neighbourhood of H*. We notice the 
following corollary of the theorem of Takeuchi. Once the following lemma is proved, 
the proof of Theorem 1 5 . f I follows at once. 

Lemma 5.2. Let H C P" be a Levi-flat hypervariety, such that for every p G 
H* there exists a neighbourhood U and a meromorphic function F such that F is 
constant along leaves of H* . Then all the connected components of P" \ H* are 
Stein. 

This corollary follows after we have shown that through every point of H* there 
exists a germ of a complex hypervariety contained in H* , hence H* is pseudoconvex 
from all sides. A weaker theorem, that through every point of H* there exists a 
complex hypervariety contained in H was essentially proven by Fornaess (see [T5] 
Theorem 6.23). The statement by Fornaess assumes that H is nonsingular, but 
that is not used in the proof. See also Burns and Gong [7] for more information 
regarding this point. 

If H was not a complex hypersurface near any point, we would be done by the 
theorem of Fornaess. However, Example 12.61 shows that it is possible to have an 
irreducible Levi-flat hypervariety with a component that is a complex hypervari- 
ety. We will prove the following lemma, which, together with Takeuchi's theorem, 
implies Lemma |5.2[ and hence Theorem 15. 11 

Lemma 5.3. Let H C U CZ C'^ be a Levi-flat hypervariety and p G H* . Suppose 
there exists a meromorphic function F defined in U that is constant along leaves of 
H* . Then there exists a germ of a complex hypervariety (L.p) such that {L,p) C 

Proof. First let us assume that p is a point of indeterminacy of F. Let F — f / g 
written in lowest terms. We can follow the proof of Lemma 13.21 to note that the 
image of H under the map z ^ {f{z),g{z)) is a complex cone. Therefore, given a 
constant A, set {/ = Xg} contains a leaf of H going through the origin. Le. there 
are infinitely many leaves of H going through the origin. Only finitely many leaves 
can form a "stick" of an umbrella, and hence infinitely many are contained in H* . 

If p is not a point of indeterminacy of F, we can assume F is holomorphic. 
By taking U smaller, we could assume F is holomorphic in all of U and assume 
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F{p) — 0. Define the graph r_F :— I C — After a possible hnear 

change of coordinates in the z variable we can apply the Weierstrass preparation 
theorem to get F p defined by 

d-l 

zt + J2aj{z',Ozl^0, (15) 

where z' = {zi, . . . , Zk-i)- The set V\ := {z \ F{z) = A} is a multigraph over 
the z' of multiplicity at most d. That is, we have a holomorphic function h: U' C 
C*^"^ — > C^yj^ (a multifunction) and V\ is the set {z \ Zk E h{z')}- See [23j for 
more information on symmetric powers and multifunctions. 

Pick a sequence of A^- 0, such that V\j contains a branch V^, C H. As there 
can locally be at most finitely many branches of H that are complex hypervarieties, 
we can assume that V^, C H* for all j. As V\ is a multigraph of multiplicity d, 
there must exist a single integer m such that each is a multigraph of multiplicity 
m. Assume V^. is the multigraph of hj : U' C C*^^^ The functions hj are 

bounded and hence we can pass to a convergent subsequence. That is, there exists 
a complex hypervariety V that is the limit of , . Since C H* then V C H* , 
furthermore, p E V as Xj ^ and F{p) = 0. □ 

6. Rank 

Let H C P" be an algebraic Levi-flat hypervariety. Let P be the defining biho- 
mogeneous polynomial for t{H). Using multiindex notation we write 

P(z,z) = ^c„^z"z^. (16) 

Hence, if we order the multiindicies in some way and write the column vector 
Z = (2"% z"^, . . . , z"™)*, we can write the matrix C = [cq^]^^, and then 

P{z,z) = z'cZ (17) 
As P is real valued, then Cap — cpa, hence C is Hermitian. 

Definition 6.1. Let H C P" be a real-algebraic hypervariety and P the defining 
polynomial for t{H). We form the matrix C and define 

rank P rank C, (18) 
rank H := rank C. (19) 

It is standard that if C is of rank r, then there exist r column vectors wi , 172, ■ • • , I'r 
such that 

C = Vivt + h V2vt ~ Ws+lt^I+T* - • • • - Vrvf. (20) 

Taking Pj{z) :— vJ^Z we can see that 

P{Z, -Z) = |pi(z)|2 + ■ • • + \psiz)\^ - \Ps+l{z)f \Priz)f . (21) 

The number r is the minimum number of holomorphic polynomials pj we will need 
for such a decomposition. Hence, the rank r can be also defined as the minimal 
number of holomorphic polynomials such that P can be written as (pij) . 

As is a hypersurface, there must be at least some positive and some negative 
eigenvalues of C. Therefore, ranki/ > 2. On the other hand, we have the trivial 
estimate rankff < C^^^^"). 



14 



JIM LEBL 



Proposition 6.2. If rank H = 2, then H is Levi-flat. 

Proof. H is the set \pi {z)f — \p2 {z)f — 0, and hence a Levi-flat hypervariety defined 
by the meromorphic function pi /p2 ■ □ 

Example 6.3. Of course there exist Levi-flat hypervarieties with higher rank. For 
example, Let z = x + iy. The real curve ~ = in C can be extended to 
by bihomogenizing the equation (using the variable w) to get the polynomial 

w^z^ + Szw^z'^w + 2w^z'^w + Zz'^wzw'^ - Azw'^zuP' + z'^w'^ + 2z^ww^. (22) 

If we let Z — {z^, z^w, zw^^-uflY, we get the matrix 

"0 f 



C = 



3 2 
3-40 
12 



(23) 



The rank is 4, there are 2 positive and 2 negative eigenvalues. We can use the iden- 
tity ah-\-a 
as follows 

-I- 2z'^w -I- w^r - -I- 2z^w7 - w^y + 



tity ab + ab = \a bf' — \a — b'^ to actually find a decomposition of the polynomial 

„3|2 



|3z^«7 - 2zw'^ + zw'^f' - |3z^w - 2zu)2 - zw'^\^ . (24) 

Hence, we have found an example where the rank of H is equal to the maximal 
rank possible and H is still Levi-flat. 



Remark 6.4. Note that Proposition 12.51 also says that any quadratic Levi-flat hy- 
pervariety of P" must have rank 2. On the other hand, the generic quadratic 
hypervariety in P" has rank n -f 1. Hence, it is not always possible to construct 
examples that are Levi-flat and have the maximal rank ('^^^j^") ■ However, Exam- 
ple [HT] is a Levi-flat hypervariety of P^ of degree 4 and has rank 6, which is the 
maximum possible. 

The above example however gives a way to construct examples of arbitrarily 
high rank. Given any real-algebraic curve in C we can bihomogenize the defining 
equation and get a Levi-fiat cone in C""*"^, for any n > 1, and thus get a Levi-flat 
hypervariety of P". As we can choose an irreducible curve of degree 5 such that 
the bihomogenized polynomial can have rank (5 + 1, the maximal possible rank for 
a curve in C. 

Proposition 6.5. Let H C P" be a real-algebraic hypervariety. Then lankH is 
invariant under automorphisms o/P". 

Proof. Let L be an invertible linear mapping and P is given by (I2ip . then L^^{t{H)) 
is given by 

P{Lz,L~z) = bi(Lz)|' -)-•■• + \ps{Lz)\' - \ps+i{Lz)\' \Pr{Lzf . (25) 

Thus the rank cannot increase (and therefore cannot decrease) by composing with 
a linear transformation C""'""'^ and hence an automorphism of P". □ 

It is also possible to work in some set of affine coordinates, rather than the ho- 
mogeneous coordinates. The rank can be defined in generic affine coordinates and 
we will get the same number as we get in homogeneous coordinates. This proce- 
dure suggests that we might similarly define the rank (locally) for a nonalgebraic 
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hypervariety. We get a genuinely different notion of rank, which we study in the 
next section. 

7. Analytic rank 

Let H C P" be a real-analytic hypervariety. Even when H is not algebraic we can 
define the rank locally. Let r(z, z) be a defining function for H in a neighbourhood 
of a point p e P". Write 

r(z, z) = ^ c.^z^z'^ (26) 

as before. Cr = [cafsjafS is an infinite matrix, so rankC^ can also be infinite. Let 
I{H,p) be the ideal of real-analytic functions defined near p vanishing on H . Define 
the (local) analytic-rank at p as 

analytic-rank(i/, p) := min{rankC,- | r £ I{H,p)}. (27) 

Now we define the (global) analytic-rank of H to be 

analytic-rank := inax{analytic-rank(H, p) | p S H*}. (28) 

Note that the maximum is well defined; if the local analytic rank is unbounded, 
then we claim that there is a point p where the local analytic rank is infinite. Let 
Pj € H he a sequence of points with increasing local analytic rank. We can go to a 
subsequence such that pj p ^ H . If rank at p would be finite that it would also 
give a bound on the rank at all pj sufficiently close to p. 

Remark 7.1. Following Remark 16.41 we note that in general for an algebraic H 

analytic-rank ^ rank 77. (29) 

Simply choose a real one-dimensional nonsingular curve in C or P^ of arbitrarily 
high rank. As the curve is nonsingular the local analytic rank is always 2. 

However, the defining polynomial of an algebraic H is in I(H,p) for all p E H . 

Proposition 7.2. Let H C P" be an algebraic Levi- flat hypervariety. Then 

analytic-rank < rankH. (30) 

Obviously analytic-rank _ff = oo implies that H is non-algebraic. We can state 
a weaker version of Theorem 1 1.11 in terms of analytic rank. By the same argument 
as in Proposition 16.21 if analytic-rank = 2, then H is automatically Levi-fiat, and 
the foliation extends at every point of H. 

Corollary 7.3. Let H C P", n > 2, be a real-analytic hypervariety such that 
analytic-rank H = 2 and H contains infinitely many complex hypervarieties of P" . 

Then, there exists a global rational function i?: P" —^ C and a real- algebraic 
one- dimensional subset S C C such that H C R^^{S). 

8. Degenerate singularities 

Let H C U C C'^ be a Levi-fiat hypervariety. Let p be a defining function for H 
defined in a neighbourhood U such that p complexifies as in § [2] and we may define 
the Segre variety for all p gU. 

We will say that p G H is a degenerate singularity if the Segre variety Sp is open 
(of dimension k) for every local defining function. If we assume that U is connected 



16 



JIM LEBL 



p is degenerate if and only if Sp = [/. Hence, p is a degenerate singularity whenever 
z I— > p{z,p) is identically zero for z near p for all defining functions p of H. 

By the reality of p we note that if g € Sp then p e Sg. Hence, if p is a degenerate 
singularity, then p G for all q G U. On the other hand if g G Sp for all g G HnU, 
then g e Sp for all g G [/ and hence p is degenerate. Therefore by Proposition [2?2l 
if p is a singularity of H and there are infinitely many distinct germs of complex 
hypervarieties {L,p) C {H,p), then p is a degenerate singularity. 

The hypervariety defined by 

Z1Z2 - 21^2 = (31) 

has a degenerate singularity at 0. By the reasoning above, whenever H is a complex 
cone, the origin is always a degenerate singularity. 

For real- algebraic varieties, there is a distinction between an algebraic singular- 
ity and an analytic singularity. Similarly there is a distinction between degenerate 
singularities and algebraic degenerate singularities. Let P{z, z) be a defining poly- 
nomial for a real- algebraic hypervariety H . We then have the Segre variety induced 
by P, where we take U ~ C'^. For a point p define the algebraic Segre variety as 

I]p = {z|P(z,p)=0}. (32) 

Suppose that p is an algebraic singularity of H, i.e. gradient of P vanishes at p. 
Then p is an algebraic degenerate singularity of H if P(z,p) = 0. If a point is a 
degenerate singularity, then it must also be an algebraic degenerate singularity. 

It may happen that the Segre set for the local analytic defining function is 
different from the one given by the defining polynomial, as is illustrated by the 
following two examples. Let zi = x + iy, Z2 = s + it. The classical example 

y^ + 2x^y -x^ = (33) 

is a Levi-fiat hypervariety with algebraic (but not analytic) singularity along the set 
{zi — 0}. The algebraic Segre variety is a triple plane at the origin union another 
disjoint complex hyperplane, while the analytic Segre variety is only a small piece 
of {zi = 0}. To see a more dramatic example consider the equation 

+ 2x^s -X* = 0. (34) 

This equation defines a real-algebraic hypervariety (not Levi-fiat) with an algebraic 
(but not analytic) singularity on the set = s = 0}. The hypervariety is a smooth 
real-analytic submanifold and so the Segre variety induced by the local analytic 
defining equation is a nonsingular complex hypersurface. However, the algebraic 
Segre variety is locally an intersection of 3 smooth hypersurfaces at the origin. 

We have found in Proposition 12.51 that the only quadratic algebraic Levi-fiat 
hypervariety in P" is the quadratic cone given in homogeneous coordinates by 
([51]) . When n > 2, this hypervariety always has a degenerate singularity. On the 
other hand it is sufficient to consider degree 4 in to have an example without a 
degenerate singularity. 

Example 8.1. To construct a Levi-flat hypervariety of P^ without any (algebraic 
or analytic) degenerate singularities, we construct a Levi-flat hypervariety H CZ 
that is a complex cone and such that the origin is the only degenerate singularity. 
We look at the equation 

zi + Z2t + zst^ = 0. (35) 
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We look the points z ~ (zi, Z2, 23) where this polynomial has a real solution. We 
thus have the semialgebraic surface 

{z e I zi + z-iX + z-it^ = for some t e R} (36) 

By applying the quadratic formula and finding where the solution is real, we obtain 
the following degree 4 real homogeneous polynomial defining a Levi-flat hypervari- 
ety, which contains all the planes defined in ([55]) . 

z^zf + Z1Z2Z2Z3 + z\zxzz + ziZ3^2 ~ 2Z1Z3Z1Z3 + Z2Z3Z1Z2 + z\z\ = 0. (37) 

The hypervariety is Levi-flat by applying Lemma [2.7l and noticing that at least some 
subset of the hypervariety is foliation by the varieties defined by z\ + zit + zst^ = 
for some fixed real t. The only point that lies in all these varieties is the origin. 
It is easy to see that even the entire hypervariety has no degenerate singularities 
(except the origin) by writing the defining equation as 

^1(^3) +^1^2(2223) +^2(^1^3) +ziZ3(z2 -2Z1Z3) -l-Z2Z3(ziZ2) ^z\{z\) = 0. (38) 

We think of z and z as independent. To find the (algebraic) Segre variety cor- 
responding to this equation we would set z to a constant. So the expressions in 
parentheses are coefficients of a polynomial in z. The only place where they all 
vanish identically is when zi = Z2 = Z3 = 0. Thus cr(i?) C has no algebraic de- 
generate singularities, and hence no analytic degenerate singularities. The variety 
(T(i/) is of rank 6 as is easily seen from the defining equation (|37p . 

The size of the algebraic degenerate singular set is related to the rank of ff, 
which is itself related to the degree. The following lemma proves the first part of 
Theorem 11.21 from the introduction. 

Lemma 8.2. Let H C P", n>2, be an algebraic Levi-flat hypervariety of rank r. 
If r < n then there exists a complex subvariety S d H of dimension at least n — r 
such that every point in S is an algebraic degenerate singularity of H . 

In particular, if H is nondegenerate then ranki? > n. The proof of this lemma 
is essentially the following observation, which we state as a proposition. This result 
essentially gives us a method to find all algebraic degenerate singularities of H. 

Proposition 8.3. Let H be as above and P the defining bihomogeneous polynomial, 
and let r be the rank. Write 

P{z, z) - |pi(z)|^ + . . . + b,(z)|^ - \Ps+i{z)\' \pr{z)\' . (39) 

Then w is an algebraic degenerate singularity of t{H) if and only if pj{w) =^ for 
all j = 1, . . . ,r. 

Note that ii pj{w) = for all j, then w G t{H), and z 1-^ P{z,w) is identically 
zero. As the rank is r, the pj are linearly independent. The converse then follows. 
We finish the proof of Lemma 18.21 by applying Proposition 18.31 and taking S to be 
the subvariety defined by pj = for all j. 

It is not true that high rank guarantees lack of degeneracy. Since any real- 
algebraic curve in C extends to a Levi-fiat hypervariety in P" as in Remark l6.4l we 
can get Levi-flat hypersurfaces with arbitrarily high rank. However, all hypervari- 
eties obtained in this way will have degenerate singularities. 

By Proposition 12 . 41 we note that the singular set of an algebraic Levi-fiat hyper- 
variety of P" has to be at least of real dimension 2n — 4. This fact follows because 
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when two leaves of the fohation meet, they must meet in a set of complex dimension 
71 — 2 and this set must be contained in the singular set oi H. It therefore easy to 
see that if the singular set is only of dimension 2n — 4 then all the leaves must meet 
on the same set of dimension n — 2. Hence we have the following lemma, which 
proves the second part of Theorem 11.21 

Lemma 8.4. Let H C P", n > 2, be an algebraic Levi-flat hypervariety such that 
dim Hsing = 2n — 4. Then there exists a complex subvariety S of dimension n ~ 2 
such that every point in S is a degenerate singularity of H . 

Obviously if H is not to have any degenerate singularity, then the singular set 
must be large. The author essentially proved in [16] that if the singular set is 
a submanifold of dimension 2n — 2, in the hypervariety, it is either complex or 
Levi-flat (i.e. locally equivalent to C"~^ x M^). The following lemma tells us that 
nondegeneracy must be compensated by such a singular set and proves the final 
part of Theorem 11.21 

Lemma 8.5. If H C P", n > 2, is an algebraic Levi-flat hypervariety without 
degenerate singularities, then the singular set must be of real dimension 2n — 2. 

Proof. We look at t{H) C C"+^. We look at the leaves of the Levi foliation going 
through the origin. Any two such leaves must meet on a set of complex dimension 
n — 1, and this set must lie in the singular set of t{H). As before, if all leaves 
met on the same set, then t{H) would have a degenerate singularity away from the 
origin and hence H would have a degenerate singularity. Thus suppose that the 
singular set of t{H) is of dimension 2n — 1. Let us look at a family of leaves {Lt] 
parametrized by a real parameter t in some small interval (— e, e). That is, find 



where aa(t) are real-analytic functions in t, and such that the sets Lt — {z|P(z, t) = 
0} are leaves of t{H). We can find such a P by considering the coefficients of a 
polynomial in z as variables and then the set of polynomials whose zero sets are 
contained in t{H) is a semialgebraic set. 

Take two such parameters and look at the set Lt O L^. The sets Lt n Lg have 
real dimension 2n — 2 (complex dimension n — 1). Fix t and note Hs^ztt r\Lt — 
Hence, there must exist a submanifold Tt C T{H)aing of dimension 2n — 1 that is 
foliated by {n ~ l)-dimensional complex submanifolds (the LtHLg)- We can pick 
a maximal such Tt (not necessarily unique). 

For each t such a statement is true and as the singular set is of dimension 
2n — 1, there is some to such that for infinitely t, the set Tt^ DTt is nonempty and of 
dimension 27i — 1. But then infinitely many Lt have the same nontrivial intersection 
with Ltg, and hence the hypersurface would have a degenerate singularity. We 
obtain a contradiction. Consequently, the singular set of r(_ff) must be of dimension 
2n, and the singular set of H was real (2n — 2)-dimensional. □ 




(40) 



\a\=d 



9. NONALGEBRAIC HYPERVARIETIES WITH COMPACT LEAVES 



In this paper, we have mostly studied Levi-flat hypervarieties (or semianalytic 
sets) with compact leaves. Each compact leaf is algebraic. Therefore, the following 
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construction gives the most obvious type of Levi-fLat hypersurface with compact 
leaves. For z e C"+^ let 

f{z,t)^ J2 Ut)z^, (41) 

where Ca(t) are real-analytic functions of t G (a, 6) C M. If Cq are analytic up to a 
and b, then 

H = {ze C"+i I f{z, t) = 0, for some t S (a, b)] (42) 

is a subanalytic Levi-flat hypersurface, which is a complex cone. Hence cr(-ff) is a 
subanalytic Levi-flat hypersurface in P". 

Define the function of [w, t) e C^+^ x (a, b) by 

JV+l 

F{w,t) ^ Ca,{t)wk. (43) 

fe=l 

The set 

H' ^{w e C^+^ I F{z, t) = 0, for some t e (a, 6)} (44) 

is a subanalytic Levi-flat hypersurface whose leaves are complex hyperplanes. As 
before cr(iJ') C P" is also subanalytic Levi-flat hypersurface. Let Z: C"+^ 
C^+^, where 1 is the number of distinct degree d monomials, be the degree d 
Veronese mapping. That is, Z is the mapping z i— > ^\^^^^^ z". We then have 

H^Z-^{H'). (45) 

Therefore, to study hypersurfaces of the form (I42p we need only study Levi-flat 
hypersurfaces of the form l|44p with leaves being complex hyperplanes. 

Example 9.1. Let us build a semianalytic Levi-flat hypersurface of P^ with com- 
pact leaves, which is a small perturbation of an algebraic Levi-flat hypervariety of 
P^ , but is not algebraic itself. This example suggests that any analogue of Chow's 
theorem for Levi-flat hypervarieties will likely have to require compact leaves. 
First let us construct the algebraic Levi-flat hypervariety. Take 

H ^ {z e \ zi + XZ2 + yz3 = 0, a;^ + = 1, a; e M, y e M}. (46) 

That is, H is the projection of a variety in C"^ x onto C"^. It is not just semial- 
gebraic, it is in fact a real hypervariety in C"^, and of course Levi-flat with leaves 
that are complex hyperplanes. To see that H is a, variety, write Zj = Sj + itj. We 
have si -I- XS2 + ys^ — and ti + xt2 -\- yt^ ~ 0. Solve for x and y to get 

Ssh-Sits S2tl - Slt2 

X = , y = . (47) 

53*2 - 52*3 S3*2 - 32*3 

Therefore, H is defined by 

(53*1 - Sl*3)' + (S2*l - Si*2)2 = (S3*2 - 52*3)'- (48) 

This equation defines a Levi-flat complex cone in and hence a Levi-flat hy- 
pervariety in P^. 

To define a perturbation of i?, we want to perturb x'^ + y'^ = 1. Suppose we 
take a real-analytic f{x) that is a small perturbation of x, and such that C = {M^ | 
/(x)^ + — 1} is not contained in an algebraic curve. We can also ensure that near 
each point p on the curve C we can parametrize C by a one-to-one real-analytic 
7 : (— e, e) — *■ C, and we only need to pick finitely many such 7's to parameterize all 
of C. That is, C is a compact topological manifold. 
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We now need only show that 

H' = {zeC^\zi+ XZ2 + = 0, f{xf + y2 = 1, X e M, y e M} (49) 

is semianalytic for aU p E H' except p = 0. Then we need to show that H' is not 
contained in a real-algebraic variety. We then obtain a Levi-flat semianalytic set in 

with compact leaves that is not contained in a real-algebraic Levi-flat. 

Define H" C x by zi + xz2 +yZ3 = and /{x)"^ = 1. Take a point 
(?i,6,6,a;o,yo) & H" such that (^1,6,6) ^ (0,0,0). Find a 7 = (71,72) as above 
for the C near the point {xo,yo)- The function 

t^a+7i(t)6+72(t)6 (50) 

is not identically zero. Hence, we can apply Weierstrass preparation theorem to the 
function zi +Ji{t)z2+"f2it)z3 of (z, t) with respect to the t variable. The projection 
of H" n [/ to C'^ for some neighbourhood U of (^1, C2, ^3, 2:0, Vo) is the same as the 
projection of {zi + 7i(t)z2 -I- 72(^)^3 — 0} for some small interval of t. If we know 
that the projection of this set to C"^ is semianalytic, we are done. 

The above claim is achieved by the following version of Tarski-Seidenberg the- 
orem by Lojasiewicz, see Theorem 2.2 in 3 . Let us set up some terminology. 
Suppose A{U) is any ring of real valued functions on an open set U C M". Define 
S{A{U)) to be the smallest set of subsets of U, which contain the sets {x G U \ 
f{x) > 0} for all / G A{U), and is closed under finite union, finite intersection and 
complement. A set V C M" is semianalytic if and only if for each x E E", there 
exists a neighbourhood U of x, such that V HU E S{0{U)), where 0{U) denotes 
the real-analytic real valued functions. Let ^([/)[i] denote the ring of polynomials 
in t E M™ with coefficients in A{U). 

Theorem 9.2 (Tarski-Seidenberg-Lojasiewicz). Suppose that V C U x R™ c 
jjn+m^ is such that V E S{A{U)[t]). Then the projection of V onto the first n 
variables is in S{A{U)). 

Consequently, if we can locally Weierstrass the defining function with respect to 
the t variable, we can project onto the remaining variables and obtain a semianalytic 
set. Of course, the Weierstrass theorem will only apply in some neighbourhood, 
and hence for a small finite interval of the t. We only need to do the projection for 
i in a compact interval for finitely many curves 7. A finite union of semianalytic 
sets is semianalytic. 

Finally we must show that H' is not contained in a real-algebraic hypervariety. 
Fix Z2 = — 1 and Z3 — ~i. The defining equations become 

zi^x + iy, f{xf+y^ = l. (51) 

We picked f{x) precisely in such a way that this set projected onto zi is not 
contained in an algebraic curve. 

References 

[1] M. Salah Baouendi, Peter Ebenfelt, and Linda Preiss Rothschild, Real submanifolds in com- 
plex space and their mappings, Princeton Mathematical Series, vol. 47, Princeton University 
Press, Princeton, NJ, 1999. MR1668103 

[2] Eric Bedford, Holomorphic continuation of smooth functions over Levi-flat hyper surf aces, 
Trans. Amer. Math. See. 232 (1977), 323-341. IMR04811001 

[3] Edward Bierstone and Pierre D. Milman, Semianalytic and subanalytic sets, Inst. Hautes 
Etudes Sci. Publ. Math. (1988), no. 67, 5-42. MR0972342 



SINGULAR LEVI-FLAT HYPERSURFACES IN COMPLEX PROJECTIVE SPACE 21 



[4] Jacek Bochnak, Michel Coste, and Marie-Frangoise Roy, Real algebraic geometry, Vol. 36, 

Springer- Verlag, Berlin, 1998. MR1659509 
[5] Albert Boggess, CR manifolds and the tangential Cauchy- Riemann complex, Studies in Ad- 
vanced Mathematics, CRC Press, Boca Raton, FL, 1991. MR1211412 
[6] Marco Brunella, Singular Levi-flat hypersurfaces and codimension one foliations, Ann. Sc. 

Norm. Super. Pisa CI. Sci. (5) 6 (2007), no. 4, 661-672. arXiv:math/0701607 MR2394414 
[7] Daniel Burns and Xianghong Gong, Singular Levi-flat real analytic hypersurfaces, Amer. J. 

Math. 121 (1999), no. 1, 23-53. MR1704996 
[8] Cesar Camacho and Alcides Lins Neto, Geometric theory of foliations, Birkhauser Boston 

Inc., Boston, MA, 1985. Translated from the Portuguese by Sue E. Goodman. MR0824240 
[9] Jianguo Cao and Mei-Chi Shaw, The d-Cauchy problem and nonexistence of Lipschitz Levi- 
flat hypersurfaces in CP" with n > 3, Math. Z. 256 (2007), no. 1, 175-192. MR 2282264,. 
[10] John P. D'Angelo, Several complex variables and the geometry of real hypersurfaces, Studies 

in Advanced Mathematics, CRC Press, Boca Raton, FL, 1993. MR1224231 
[11] John P. D'Angelo and Jiff Lebl, On the complexity of proper mappings between balls. Complex 

Var. EUiptic Equ. 52 (2009), no. 2-3, 187-204. arXiv:0802.1739 
[12] E. L. Ince, Ordinary Differential Equations, Dover Publications, New York, 1944. MR00107571 
[13] Andrei Jordan and Fanny Matthey, Regularite de I'operateur d et theoreme de Siu sur la 

non-existence d'hypersurfaces Levi-plates dans I'espace projectif, C. R. Math. Acad. Sci. Paris 

346 (2008), no. 7-8, 395-400 (French, with English and French summaries). IMR24175571 
[14] J. P. Jouanolou, Equations de Pfaff algebriques. Lecture Notes in Mathematics, vol. 708, 

Springer, Berlin, 1979 (French). MR537038 
[15] J. J. Kohn, Subellipticity of the d-Neumann problem on pseudo-convex domains: sufficient 

conditions, Acta Math. 142 (1979), no. 1-2, 79-122. MR512213 
[16] Jiff Lebl, Nowhere minimal CR submanifolds and Levi-flat hypersurfaces, J. Geom. Anal. 17 

(2007), no. 2, 321-342. arXiv:math/0606141 MR2320166 
[17] , Singularities and complexity in CR geometry, Ph.D. Thesis, University of California 

at San Diego, Spring 2007. 
[18] Alcides Lins Neto, A note on projective Levi flats and minimal sets of algebraic foliations, 

Ann. Inst. Fourier (Grenoble) 49 (1999), no. 4, 1369-1385. MR1703092 
[19] Lei Ni and Jon Wolfson, The Lefschetz theorem for CR submanifolds and the nonexistence 

of real analytic Levi flat submanifolds. Comm. Anal. Geom. 11 (2003), no. 3, 553—564. 

MR2015756 

[20] Yum-Tong Siu, Nonexistence of smooth Levi-flat hypersurfaces in complex projective spaces 
of dimension > 3, Ann. of Math. (2) 151 (2000), no. 3, 1217-1243. MR1779568 

[21] , d-regularity for weakly pseudoconvex domains in compact Hermitian symmetric 

spaces with respect to invariant metrics, Ann. of Math. (2) 156 (2002), no. 2, 595—621. 
IMR19330781 

[22] Akira Takeuchi, Domaines pseudoconvexes sur les varietes kdhleriennes, J. Math. Kyoto 

Univ. 6 (1967), 323-357 (French). IMR02173351 
[23] Hassler Whitney, Complex analytic varieties, Addison- Wesley Publishing Co., Reading, 

Mass.-London-Don Mills, Ont., 1972. MR0387634 

Department of Mathematics, University of Illinois at Urbana-Champaign, Urbana, 
IL 61801, USA 

E-mail address: jlebl@niath.uiuc.edu 



